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Abstract
By using exponential dichotomy and the Horn fixed point theorem, some suf-
ficient conditions are derived to guarantee the existence of almost periodic
solution to nonlinear differential equations.
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1 Introduction

This paper is stimulated by the relatively recent works of Adesina and Ayan-
jinmi [1] and Xu and Zheng [13], where the method of exponential dichotomy
and some fixed point theorems were used to study the differential equations
of the form

ẋ = A(t)x(t) + f(t, x(t)) (1.1)

and its homogeneous linear differential equation

ẋ = A(t)x(t), (1.2)

with an almost periodic n× n matrix A(t) and f(t, x(t)) ∈ C(IR× IRn, IRn)
an almost periodic function in t uniformly with respect to x on any compact
sets of IRn.

Almost periodic solution to nonlinear differential equations of the form
(1.1) and (1.2) has been studied by many authors. For instance, we can
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mention the papers of Ait Dads et. al [2], Coppel [3] and Weiyao [12] where
sufficient conditions for the existence of almost periodic solutions to the above
equations were obtained with f(t, x(t)) satisfying some Lipshitz conditions.
Further interesting expositions can be obtained from the works of Coppel [4],
Levitan and Zhikov [7] and Smart [9]. Other relevant surveys in the literature
can be found in the paper of Katō and Imai ([5], [6]), where dissipative
type conditions which guarantee the existence and uniqueness of bounded,
periodic and almost periodic solutions to nonlinear differential equations were
obtained. For other special form of differential equations, we refer the reader
to the interesting papers of Tunc ([10], [11]) and references therein on periodic
solutions.

Our purpose in this paper is to consider a more general equation than
the equation (1.1), i.e.

ẋ = A(t)x(t) + f(t, x(t), η), (1.3)

where A(t) is an n×n almost periodic matrix, f is an almost periodic function
defined for all t uniformly with respect to x on any compact sets of IRn and
η ∈ IRn.

By using a generalized exponential dichotomy with Horn fixed-point the-
orem, some previously known results in the literature are improved and gen-
eralized. Let us remark that the generalized exponential dichotomies are due
to Muldowney [8]. The paper is organized as follows. In section 2, we give
definitions and preliminary results. Section 3 is on the main result and its
proof.

2 PRELIMINARIES

Definition 2.1. (Generalized Exponential Dichotomy)
Let X(t) be a fundamental matrix of linear system (1.2). If there exists

a projection P (P 2 = P ), a constant k and a positive bounded and contin-
uous function a(u) satisfying

∫ t
s
a(τ)dτ → +∞ as t → +∞ for fixed s and∫ s

t
a(τ)dτ → −∞ as t→ −∞ for fixed t such that

|X(t)PX−1(s)| ≤ K exp

(
−
∫ s

t

a(τ)dτ

)
, t ≥ s,

|X(t)(I − P )X−1(s)| ≤ K exp

(
−
∫ t

s

a(τ)dτ

)
, t ≤ s,

(2.1)
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then we say that the system (1.2) has a generalized exponential dichotomy.
Definition 2.2.

The function f(t, x(t)) is said to be almost periodic in t uniformly in x,
x ∈ Λ, if f(t, x(t)) is continuous in t, x for t ∈ I, x ∈ Λ and if for any ζ > 0,
it is possible to find an l(ζ) > 0 such that in an interval of length l(ζ) there
is a τ such that the inequality |f(t+ τ, x)− f(t, x(t))| ≤ ζ is satisfied for all
t ∈ I, x ∈ Λ.
Lemma 1 [Coppel [4]]

Consider a non homogeneous linear system

ẋ = A(t)x(t) + g(t), (2.2)

where A(t) and g(t) are almost periodic. Suppose the homogeneous equa-
tion (1.2) satisfies an exponential dichotomy, then there is a unique almost
periodic solution x(t) of the equation (2.2) given by

x(t) =

∫ t

−∞
X(t)PX−1(s)g(s)ds−

∫ +∞

t

X(t)(I − P )X−1(s)g(s)ds, (2.3)

and mod (x) ⊂ mod (A, g).
Lemma 2 (Horn Fixed Point Theorem) [Xu and Zheng [13]]
Let T : B → B be a compact operator, where B is a Banach space. Let E
be a bounded subset in B. Suppose for any x ∈ B, there exists an m = m(x)
such that Tm(x) ∈ E, then T has a fixed point in E.

3 Main Result and it’s Proof

Our main result is as follows:

Theorem 3.1. Suppose that the system (1.2) satisfies the generalized expo-
nential dichotomy, where A(t) is almost periodic and let f(t, x) be almost
periodic in t uniformly for x in S, where S ⊂ IRn is a compact subset. Sup-
pose further that

|f(t, x, η)| ≤ γ0(t)|x|+ c0, (3.1)

where γ0(t) and c0 are positive constants, then equation (1.3) has an almost
periodic solution φ(t). Furthermore mod φ ⊂ mod (A, f).
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Proof
Consider the Banach space B = {g|g ∈ AP (IRn),mod (x) ⊂ mod (A, g)} us-
ing uniform norm. Then if φ(t) ∈ B, we have f(t, φ(t), η) ∈ B. Furthermore,
let us consider the equation

ẋ = A(t)x(t) + f(t, φ(t), η). (3.2)

By Lemma [1], equation (3.2) has a unique almost periodic solution

x(t) =

∫ t

−∞
X(t)PX−1(s)f(s, φ(s), η)ds

−
∫ +∞

t

X(t)(I − P )X−1(s)f(s, φ(s), η)ds

:= Tφ(t)

(3.3)

and mod (Tφ) ⊂ mod (A, f). Therefore,

‖Tφ(t)‖ ≤
{∫ t

−∞
K exp

(
−
∫ t

s

a(τ)dτ

)
ds

}
+

{∫ t

∞
K exp

(
−
∫ s

t

a(τ)dτ

)
ds

}
‖f(t, φ(t), η)‖

≤ 2K

α
‖f(t, φ(t), η)‖.

(3.4)

This implies that

‖Tφ(t)‖ ≤ 2K

α
(γ0‖φ(t)‖+ c0) = γ‖φ(t)‖+ c, (3.5)

where c = 2K
α
c0. In the following, we show that T is a compact operator

on B. To do this, let us first show that T is continuous. Let {φn(t)} ∈ B
be any sequence that converges to φ(t) uniformly on IR, then φ(t) ∈ B.
Furthermore, mod (f(., φn(.), η)) ⊂ mod f and mod (f(., φ(.), η)) ⊂ mod f .
Therefore, f(., φn(.), η) converges to f(., φ(.), η) uniformly on IR.

In view of the fact that

‖Tφn(t)− Tφ(t)‖ ≤ 2K

α
‖f(t, φn(t), η)− f(t, φ(t), η)‖, (3.6)

it follows that Tφn(t) converges to Tφ(t) uniformly on IR which shows that
T is continuous.
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Next, we show that for any bounded set S ⊂ B, TS is a relative compact
set. This is enough to show that T is a compact operator. Let {φn(t)} be
any sequence in S, ψn(t) = Tφn(t). Using conditions (3.4) and (3.5), it is
not difficult to see that {φn(t)} is uniformly bounded on IR. This is due to
the fact that ψn(t) satisfies

ψ̇n(t) = A(t)ψn + f(t, φn(t), η), (3.7)

which necessarily implies that ψ̇n(t) is also uniformly bounded on IR. There-
fore, {ψn(t)} is equi-continuous. On employing Arzela-Ascoli theorem, there
exists a subsequence {ψnk

(t)} which converges uniformly on IR. Since it also
follows that mod (ψnk

) ⊂ mod (A, f), then {ψnk
(t)} converges uniformly

on IR. Consequently, TS is relatively compact subset and T is a compact
operator.

At last, we now prove that T has a fixed point in B. Let

D = {φ(t) : ‖φ(t)‖ ≤ 1 +
c

1− γ
, φ ∈ B}. (3.8)

Then, for any φ ∈ B, ‖Tφ‖ ≤ γ‖φ(t)‖ + c and Tφ ∈ B. Moreover, we can
deduce that

‖T nφ‖ ≤ γn‖φ‖+ c
1− γn

1− γ
. (3.9)

This shows that there exists a m = m(φ) such that

‖Tmφ‖ ≤ 1 +
c

1− γ
. (3.10)

Therefore, Tmφ ∈ D. On applying Horn fixed point theorem, it follows that
there exists φ0(t) ∈ D such that Tφ0(t) = φ0(t). Thus,

φ̇0(t) = A(t)φ0(t) + f(t, φ0(t), η), (3.11)

which shows that equation (1.1) has an almost periodic solution φ0 say, and
mod (φ0) ⊂ mod (A, f).
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