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Abstract. This paper is concerned with the convergence of solutions to the
fourth order nonlinear differential equation

x(iv) + φ(
...
x ) + f(ẍ) + g(ẋ) + h(x) = p(t, x, ẋ, ẍ,

...
x )

where the nonlinear functions φ, f, g, h and p are continuous. By constructing

a complete Lyapunov function, some fundamental questions on whether con-
vergence results on the above equation which do not appear to have received

any attention in the literature can be proved, are answered.

1. Introduction

Fourth order nonlinear differential equations have been investigated by several
authors in order to study their qualitative behaviour of solutions. See for instance
([1]-[23]). Significant results in this direction have been obtained by Abou-el-ela
and Sadek [1], Sadek [15], Sadek and AL-Elaiw [16] on asymptotic stability. Also,
Chin [9], Ogundare [11], Ogundare and Okecha [13], Tiryaki and Tunc [19], Tunc
[20, 21, 22] and Wu and Xiong [23] made contributions on boundedness and stability
properties of solutions. An interesting work on the existence of limiting regime in
the sense of Demidovich can be found in Afuwape [6]. All these were done with the
aid of Lyapunov’s second method. By employing the frequency domain method,
Adesina [2] and Afuwape [4, 7, 8] obtained criteria that ensured the existence of
periodic, almost periodic, exponential stability and dissipative solutions. It should
be noted that the above mentioned papers contain rich bibliography.

However, with respect to our observation in relevant literature, comparatively
little have been done on convergence of solutions to fourth order nonlinear differ-
ential equations (see for instance Afuwape [3, 5]). The convergence of solutions
to nonlinear differential equations is important both theoretically and in practice,
since small perturbations from the equilibrium point imply that the trajectory will
return to it when time goes to infinity.

It is well known that the problem of the qualitative behaviour of solutions of the
equation

x(iv) + φ(
...
x) + f(ẍ) + g(ẋ) + h(x) = p(t, x, ẋ, ẍ,

...
x) (1.1)

in which the nonlinear functions φ, f, g, h and p are continuous and depend (at
most) only on the arguments displayed explicitly, has so far remained intractable
due to (i) the number of the nonlinear terms φ, f, g and h simultaneously involved
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and (ii) the form of the functions φ and f (see for instance Tejumola [17]). Here
and elsewhere, all the solutions considered and all the functions which appear are
supposed real. The dots indicate differentiation with respect to t. Furthermore,
we shall say that two solutions x1(t), x2(t) of the equation (1.1) converge (to each
other) if x2 − x1 → 0, ẋ2 − ẋ1 → 0, ẍ2 − ẍ1,

...
x2 −

...
x1 → 0 as t→∞.

An interesting but simple case of the problem arises if p = 0, and φ, f, g, h are
such that the equation (1.1) is linear, i.e. if (1.1) is of the form

x(iv) + a
...
x + bẍ+ cẋ+ dx = 0, (1.2)

where a, b, c and d are constants. In this case, all solutions tend to the trivial
solution, as t→∞, provided that the Routh-Hurwitz criteria

a > 0, ab− c > 0, (ab− c)c− a2d > 0, d > 0 (1.3)

are satisfied. Generalization of this result as well as conditions (1.3) to quite differ-
ent nonlinear equations in which the functions are assumed differentiable, at times
twice differentiable, and also in some cases multiplied with signum functions have
been obtained in the literature. See for instance Reissig et al.[14].

Unfortunately, the corresponding situation when all the four nonlinear functions
are not necessarily differentiable, has not been as fully investigated and all available
results in this direction have been obtained on equations that are special forms of
the equation (1.1). Specifically, in this regard, the equation (1.1) has not attracted
the interest of any author. Also most of the existing results are characterized with
incomplete Lyapunov functions. These we find too weak. On the one hand, the
purpose of this paper is to investigate whether convergence of solutions to the fourth
order nonlinear differential equation (1.1) are provable under non differentiability
conditions on all the nonlinear functions involved. While on the other hand, by
constructing a complete Lyapunov function, which is a difficult task, the paper
circumvents the usual heavy restrictions on φ, f, f

′
, g, g

′
, h and h

′
which dominate

the results in some of the above mentioned works. Our results generalize previous
results of Afuwape [3, 5] and Ogundare and Okecha [12]. They also complement
and improve existing results on fourth order nonlinear differential equations in the
literature.

This paper is organized as follows. In Section 2, we present basic assumptions
and main results. Section 3 is devoted to some preliminary results while in Section
4, we give the proofs of the main results.

2. Assumptions and Main Results

Assumptions:

(1) The function p(t, x, ẋ, ẍ,
...
x) is equal to q(t) + r(t, x, ẋ, ẍ,

...
x)

with r(t, 0, 0, 0, 0) = 0 for all t;
(2) For some positive constants a, b, c, d , (ab− c)c−a2d > 0 and (ab− c) > 0;
(3) For some positive constants a, b, c, d, D, ∆0, ∆1 K0 and K1, the intervals

I0 ≡
[
∆0,K0

[ [(ab− c)c]
a2

]]
, (2.1)

I1 ≡
[
∆1,K1

[ [(a2d+ c2)]

ac

]]
(2.2)

are in the Routh-Hurwitz interval.

The following results are proved.
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Theorem 2.1. In addition to the basic assumptions and 1–3 above, suppose that
φ(0) = f(0) = g(0) = h(0) = 0 and that

(i) there are positive constants a, a0, b, b0, c and c0 such that

a ≤ φ(w2)− φ(w1)

w2 − w1
≤ a0, w2 6= w1, (2.3)

b ≤ f(z2)− f(z1)

z2 − z1
≤ b0, z2 6= z1, (2.4)

c ≤ g(y2)− g(y1)

y2 − y1
≤ c0, y2 6= y1; (2.5)

(ii) for any ζ, η, (η 6= 0), the increment ratios for h and g satisfy

h(ζ + η)− h(ζ)

η
∈ I0, (2.6)

g(ζ + η)− (ζ)

η
∈ I1; (2.7)

(iii) there is a continuous function ϑ(t) such that

|r(t, x2, y2, z2, w2)− r(t, x1, y1, z1, w1)|
≤ ϑ(t)(|x2 − x1|+ |y2 − y1|+ |z2 − z1|+ |w2 − w1|)

(2.8)

holds for arbitrary t, x1, y1, z1, w1, x2, y2, z2, w2.

Then there exists a constant D1 > 0 such that if∫ t

0

ϑ%(τ)dτ ≤ D1 (2.9)

for some % with 1 ≤ % ≤ 2, then all solutions of (1.1) converge.

Theorem 2.2. Suppose that all the conditions of the Theorem 2.1 are satisfied.
Let x1(t), x2(t) be any two solutions of the equation (1.1). Then for each fixed %
in the range 1 ≤ % ≤ 2, there exist positive constants D2, D3 and D4 such that for
t2 ≥ t1,

S(t2) ≤ D2S(t1) exp
{
−D3(t2 − t1) +D4

∫ t2

t1

ϑ%(τ)dτ
}
, (2.10)

where

S(t) = (x2(t)− x1(t))2 + (ẋ2(t)− ẋ1(t))2 + (ẍ2(t)− ẍ1(t))2

+ (
...
x2(t)− ...

x1(t))2.
(2.11)

Remark 2.3. If p = 0 and assumption 3 with hypotheses (i) and (ii) of the The-
orem 2.1 hold for arbitrary η 6= 0, then the trivial solution of equation (1.1) is
exponentially stable.

Remark 2.4. If p = 0 and assumption 3 with hypotheses (i) and (ii) of the Theorem
2.1 hold for arbitrary η 6= 0, and ζ = 0, then there exists a constant D5 > 0 such
that every solution x(t) of (1.1) satisfies

|x(t)| ≤ D5; |ẋ(t)| ≤ D5; |ẍ(t)| ≤ D5; |...x(t)| ≤ D5.

For the rest of this article, D1, D2, D3, . . . stand for positive constants. Their
identities are preserved throughout this paper.
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3. Preliminary Result

Let Q(t) =
∫ t
0
q(τ)dτ . By setting ẋ = y, ẏ = z, ż = w, it is convenient to

consider the equation (1.1) as the equivalent system

ẋ = y,
ẏ = z,
ż = w,
ẇ = −φ(w)− f(z)− g(y)− h(x) + r(t, x, y, z, w) +Q(t).

(3.1)

Let xi(t), yi(t), zi(t), wi(t), (i = 1, 2), be two solutions of the system (3.1), such
that inequalities (2.3)-(2.4) and

∆0 ≤
h(x2)− h(x1)

x2 − x1
≤ K0

[ [(ab− c)c]
a2

]
, (3.2)

∆1 ≤
g(y2)− g(y1)

y2 − y1
≤ K1

[ [a2d+ c2]

ac

]
(3.3)

are satisfied, where the constants remain as defined as in section two.
The main tool in the proofs of the convergence theorems will be the following

function:

2V = [β(1− ε)x+ γy + δz + w]2 + [(1− ε)D − 1](δz + w)2

+βD[ε+ (1− ε)D − 1]y2 + γ(D − 1)z2 + εDw2 + β2ε(1− ε)x2
+2γδ[(1− ε)2D − 1]yz,

(3.4)

where 0 < ε < 1 − ε < 1, γδ
β > 1 − ε, β, γ, δ are positive real numbers and

D = 1 + β(1−ε)[γδ−β(1−ε)]
γδ−βε with D > 1

(1−ε)2 always.

Lemma 3.1. The function V defined in equation (3.4) is positive definite and
moreover, there exist constants D6 and D7 such that

D6(x2 + y2 + z2 + w2) ≤ V ≤ D7(x2 + y2 + z2 + w2).

Proof. Indeed we can rearrange 2V as

2V = 2V1 + 2V2, (3.5)

where

2V1 = [β(1− ε)x+ γy + δz + w]2 + [(1− ε)D − 1](δz + w)2

+εDw2 + β2ε(1− ε)x2 + εβDy2;
2V2 = βD[(1− ε)D − 1]y2 + 2γδ[(1− ε)2D − 1]yz + γ(D − 1)z2.

Since 0 < ε < 1, γδβ > 1− ε, β, γ, δ > 0 and D can be chosen such that D > 1
1−ε , it

follows that V1 is positive definite. Also V2, regarded as a quadratic form in y and
z, is always positive since the conditions on all parameters involved are satisfied.
Hence V is positive definite. Therefore, a constant D6 > 0 can be found such that

D6(x2 + y2 + z2 + w2) ≤ V. (3.6)

Furthermore, by using the Schwartz inequality |y||z| ≤ 1
2 (y2 + z2), it follows that

|2V2| ≤ D∗(y2 + z2) for some D∗ = D∗(β, γ, δ,D, ε). Thus there exists D7 such
that

V ≤ D7(x2 + y2 + z2 + w2). (3.7)

On combining inequalities (3.7) and (3.7), we have

D6(x2 + y2 + z2 + w2) ≤ V ≤ D7(x2 + y2 + z2 + w2). (3.8)
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Lemma 3.2. Let the hypotheses of the Theorem 2.1 hold, and let the function
W (t) = W (x2 − x1, y2 − y1, z2 − z1, w2 − w1) be defined by

2W = [β(1− ε)(x2 − x1) + γ(y2 − y1) + δ(z2 − z1) + (w2 − w1)]2

+[(1− ε)D − 1](δ(z2 − z1) + (w2 − w1))2 + βD[ε+ (1− ε)D − 1](y2 − y1)2

+γ(D − 1)(z2 − z1)2 + εD(w2 − w1)2 + β2ε(1− ε)(x2 − x1)2

+2γδ[(1− ε)2D − 1](y2 − y1)(z2 − z1),

then there exist positive constants D8 and D9 such that

dW

dt
≤ −2D8S +D9S

1/2|θ|, (3.9)

where θ = r(t, x2, y2, z2, w2)− r(t, x1, y1, z1, w1).

Proof. On using the system (3.1), a direct computation of dW
dt gives after simplifi-

cations
dW

dt
= −U1 + U2, (3.10)

where

U1 = β(1− ε)H(x2, x1)(x2 − x1)2 + γ[G(y2, y1)− β(1− ε)](y2 − y1)2

+Dδ(1− ε)[F (z2, z1)− γ(1− ε)](z2 − z1)2 +D[Φ(w2, w1)− δ(1− ε)](w2 − w1)2

−β(1− ε)[G(y2, y1)− β](x2 − x1)(y2 − y1)− β(1− ε)[F (z2, z1)− γ](x2 − x1)(z2 − z1)
−β(1− ε)[Φ(w2, w1)− δ](x2 − x1)(w2 − w1)
−[Dδ(1− ε)G(y2, y1) + γ(F (z2, z1)− γ)−Dβγ](y2 − y1)(z2 − z1)
−[DG(y2, y1) + γΦ(w2, w1)− β(1− ε)−Dγδ(1− ε)2](y2 − y1)(w2 − w1)
−[D(F (z2, z1) +DδΦ(w2, w1) +D(δ2(1− ε) + γ)](z2 − z1)(w2 − w1)

(3.11)
and

U2 = θ[β(1− ε)(x2 − x1) + γ(y2 − y1) +Dδ(1− ε)(z2 − z1) +D(w2 −w1)], (3.12)

with

H(x2, x1) = h(x2)−h(x1)
x2−x1

, x2 6= x1;

G(y2, y1) = g(y2)−g(y1)
y2−y1 , y2 6= y1;

F (z2, z1) = f(z2)−f(z1)
z2−z1 , z2 6= z1;

Φ(w2, w1) = φ(w2)−φ(w1)
w2−w1

, w2 6= w1.

Furthermore, let χ1 = G(y2, y1) − β, y2 6= y1, χ2 = F (z2, z1) − γ, z2 6= z1 and
χ3 = Φ(w2, w1) − δ, w2 6= w1. Also let λ1 = G(y2, y1) − β(1 − ε), y2 6= y1,
λ2 = F (z2, z1)− γ(1− ε), z2 6= z1 and λ3 = Φ(w2, w1)− δ(1− ε), w2 6= w1. Define

3∑
i=1

µi = 1;

7∑
i=1

νi = 1;

7∑
i=1

κi = 1;

7∑
i=1

τi = 1,

with µi > 0, νi > 0, κi > 0 and τi > 0. Then we can rearrange U1 as

U1 = W1 +W2 +W3 +W4 +W5 +W6 +W7 +W8 +W9 +W10 +W11 +W12,
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where

W1 = µ1β(1− ε)H(x2, x1)(x2 − x1)2 + β(1− ε)χ1(x2 − x1)(y2 − y1) + ν1γλ1(y2 − y1)2;
W2 = µ1β(1− ε)H(x2, x1)(x2 − x1)2 + β(1− ε)χ2(x2 − x1)(z2 − z1)

+κ1Dδ(1− ε)λ2(z2 − z1)2;
W3 = µ1β(1− ε)H(x2, x1)(x2 − x1)2 + β(1− ε)χ3(x2 − x1)(w2 − w1) + τ1Dλ3(w2 − w1)2;
W4 = ν2γλ1(y2 − y1)2 +Dδ(1− ε)λ1(y2 − y1)(z2 − z1) + κ2Dδ(1− ε)λ2(z2 − z1)2;
W5 = ν3γλ1(y2 − y1)2 + γχ2(y2 − y1)(z2 − z1) + κ3Dδ(1− ε)λ2(z2 − z1)2;
W6 = ν4γλ1(y2 − y1)2 +Dβδ((1− ε)2 − 1)(y2 − y1)(z2 − z1) + κ4Dδ(1− ε)λ2(z2 − z1)2;
W7 = ν5γλ1(y2 − y1)2 +Dχ1(y2 − y1)(w2 − w1) + τ2Dλ3(w2 − w1)2;
W8 = ν6γλ1(y2 − y1)2 + γχ3(y2 − y1)(w2 − w1) + τ3Dλ3(w2 − w1)2;
W9 = ν7γλ1(y2 − y1)2 + [D(β − γδ(1− ε)2) + γδ − β(1− ε)](y2 − y1)(w2 − w1)

+τ4Dλ3(w2 − w1)2;
W10 = κ5Dδ(1− ε)λ2(z2 − z1)2 +Dχ2(z2 − z1)(w2 − w1) + τ5Dλ3(w2 − w1)2;
W11 = κ6Dδ(1− ε)λ2(z2 − z1)2 +Dδχ3(z2 − z1)(w2 − w1) + τ6Dλ3(w2 − w1)2;
W12 = κ7Dδ(1− ε)λ2(z2 − z1)2 +D[δ2(1− ε) + 2γ + δ2](z2 − z1)(w2 − w1)

+τ7Dλ3(w2 − w1)2.

It is not difficult to see that each of W1,W2, ...,W12 is quadratic in its respective
variables. Thus we can use the fact that any quadratic of the form AX2 +BXY +
CY 2 is non negative if 4AC −B2 ≥ 0 to obtain the following inequalities:

W1 ≥ 0, if χ1
2 ≤ 4µ1ν1γH(x2,x1)λ1

β(1−ε) , for x2 6= x1;

W2 ≥ 0, if χ2
2 ≤ 4Dµ2κ1δH(x2,x1)λ2

β , for x2 6= x1;

W3 ≥ 0, if χ3
2 ≤ 4Dµ3τ1H(x2,x1)λ3

β(1−ε) , for x2 6= x1;

W4 ≥ 0, if λ1 ≤ 4ν2κ2γλ2

β(1−ε) , for z2 6= z1
W5 ≥ 0, if χ2

2 ≤ 4ν3κ3Dδ(1− ε)λ1λ2, for y2 6= y1, z2 6= z1;

W6 ≥ 0, if λ2 ≥ Dδβ2((1−ε)2−1)2
4ν4γκ4(1−ε)λ1

, for y2 6= y1, z2 6= z1

W7 ≥ 0, if χ1
2 ≤ 4ν5τ2λ1λ3

D , for y2 6= y1, w2 6= w1;

W8 ≥ 0, if χ3
2 ≤ 4Dν6τ3λ1λ3

γ , for y2 6= y1, w2 6= w1;

W9 ≥ 0, if λ3 ≥ [D(β−γδ(1−ε)2)+γδ−β(1−ε)]2
4ν7γτ4Dλ1

, for y2 6= y1, w2 6= w1;

W10 ≥ 0, if χ2
2 ≤ 4τ5κ5δ(1− ε)λ2λ3, for z2 6= z1, w2 6= w1;

W11 ≥ 0, if χ3
2 ≤ 4κ6τ6(1−ε)λ2λ3

γ , for z2 6= z1, w2 6= w1;

W12 ≥ 0, if λ3 ≥ [δ2(1−ε)2)+2γ+δ2]2

4κ7τ7δ(1−ε)λ2
, for z2 6= z1, w2 6= w1.

Thus U1 ≥W1, provided that

0 ≤ χ1
2 ≤ 4 min

{µ1ν1γH(x2,x1)λ1

β(1−ε) ; ν5τ2λ1λ3

D

}
;

0 ≤ χ2
2 ≤ 4 min

{Dµ2κ1δH(x2,x1)λ2

β ; ν3κ3Dδ(1− ε)λ1λ2; τ5κ5δ(1− ε)λ2λ3
}

;

0 ≤ χ3
2 ≤ 4 min

{ 4Dµ3τ1H(x2,x1)λ3

β(1−ε) ; 4Dν6τ3λ1λ3

γ ; 4κ6τ6(1−ε)λ2λ3

γ

}
;

λ1 ≤ 4ν2κ2γλ2

β(1−ε) ;

λ2 ≥ Dδβ2((1−ε)2−1)2
4ν4γκ4(1−ε)λ1

;

0 ≤ λ32 ≤ max
{ [D(β−γδ(1−ε)2)+γδ−β(1−ε)]2

4ν7γτ4Dλ1
; [δ2(1−ε)2)+2γ+δ2]2

4κ7τ7δ(1−ε)λ2

}
,

where H and G lie respectively in

I0 ≡
[
∆0,K0

[ [(ab− c)c]
a2

]]
,
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I1 ≡
[
∆1,K1

[ [(a2d+ c2)]

ac

]]
with K0 < 1, K1 < 1, ∆0 > 0 and ∆1 > 0 constants.

By choosing

2D8 = min
{
β(1− ε)∆0; γλ1;Dδ(1− ε)λ2;Dλ3

}
,

it follows that

U1 ≥W1 ≥ 2D8S. (3.13)

Furthermore, if we choose

D9 = max
{
β(1− ε; γ;Dδ(1− ε);D(w2 − w1)

}
, (3.14)

we have

U2 ≤ D9S
1
2 |θ|.

On combining (3.13) and (3.14) in (3.10), we obtain (3.9). This completes the proof
of Lemma 2. �

4. Proof of Main Results

Proof of Theorem 2.2. We shall first give the proof of the Theorem 2.2. For this,
let % be any constant in the range 1 ≤ % ≤ 2 and set σ = 1− %

2 so that 0 ≤ σ ≤ 1
2 .

We re-write inequality (3.9) in the form

dW

dt
+D8S ≤ D9S

1/2|θ| −D8S, (4.1)

from which
dW

dt
+D8S ≡ D10S

σW ∗,

where

W ∗ = S( 1
2−σ)[|θ| −D11S

1/2], (4.2)

with D11 = D8

D10
. Considering the two cases (i) |θ| ≤ D11S

1/2, then W ∗ < 0; and

(ii) |θ| ≥ D11S
1/2, then the definition of W ∗ in the equation (4.2) gives at least

W ∗ ≤ S( 1
2−σ)|θ|

and also S1/2 ≤ |θ|
D11

. Thus

S
1
2 (1−2σ) ≤ [

|θ|
D11

](1−2σ),

and from this together with W ∗ follows

W ∗ ≤ D12|θ|2(1−σ),

where D12 = D11
(σ−1). On using the estimate on W ∗ in inequality (4.1), we obtain

dW

dt
+D8S ≤ D10D12S

σ|θ|2(1−σ) ≤ D13S
σϑ2(1−σ)S(1−σ) (4.3)

which follows from

|r(t, x2, y2, z2, w2)− r(t, x1, y1, z1, w1)|
≤ ϑ(t)(|x2 − x1|+ |y2 − y1|+ |z2 − z1|+ |w2 − w1|).

In view of the fact that % = 2(1− σ), we obtain

dW

dt
≤ −D8S +D13ϑ

%S,
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and on using inequalities (3.9), we have

dW

dt
+ [D14 −D15ϑ

%(t)]W ≤ 0, (4.4)

for some constants D14 and D15. On integrating the estimate (4.4) from t1 to t2
(t1 ≤ t2), we obtain

W (t2) ≤W (t1) exp
{
−D14(t2 − t1) +D15

∫ t2

t1

ϑ%(τ)dτ
}
. (4.5)

On using Lemma 3.1, we obtain inequality (2.10), with D2 = D7

D6
; D3 = D14 and

D4 = D15. This completes the proof of the Theorem 2.2. �

Proof of Theorem 2.1. The proof follows from the inequality (2.10) and the condi-
tion (2.9) on ϑ. On choosing D2 = D3

D4
in inequality (2.10), then as t = (t2 − t1)→

∞, S(t)→ 0 which proves that x2−x1 → 0, y2−y1 → 0, z2−z1 → 0, w2−w1 → 0,
as t→∞. This completes the proof of Theorem 2.1. �
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