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Abstract. We initiate the use of the frequency domain method to study the qual-
itative behaviour of solutions of some fifth order nonlinear delay differential equations.
Sufficient conditions for the existence of solutions which are bounded, globally exponen-
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1. Introduction. The study of the qualitative behaviour of solutions
of fifth order nonlinear differential equations without delay arguments has
attracted the attention of many researchers [1-7], [23] and [25-28]. However,
comparatively little has been done on analogous one with delay arguments.
By using the topological degree method, Tejumola and Afuwape [24]
worked on the existence of 2π-periodic solutions of some fifth order non
linear differential equations with delay under certain resonant and non res-
onant conditions. Thus, this paper, for the first time, employs the frequency
domain method to study the qualitative behaviour of solutions of some fifth
order nonlinear delay differential equations.

Delay differential equations are similar to ordinary differential equations,
but their evolution involve past values of the state variable. The solution
of delay differential equation therefore requires knowledge of not only the
current state, but also of the state a certain time previously. Time-delays
are important phenomena in industrial processes, economical and biological
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systems. For instance, they appear as transportation and communication
lags and also arise in feedback delays in control loops. In many applications
one assumes that the system under consideration is governed by a principle
of causality, which means that the future state of the system is independent
of the past states and is determined solely by the present. Moreover, if
one assumes that the system is described by an equation where the rate of
change of the state is determined by its current value, one is considering or-
dinary differential equations. However, under a closer look it becomes more
apparent that the principle of causality is often just a first approximation
of the true situation and that a more realistic system would include also
some dependency on the past states of the system, leading to a system with
delay differential equations. For more exposition, see [8], [10] and [13-16].

Numerous methods have been proposed in the literature to study non-
linear delay differential equations. Some of the outstanding techniques used
in investigating these qualitative behaviour of solutions include but are not
limited to Lyapunov’s second method which involves constructing a suit-
able positive definite Lyapunov function whose derivative is negative defi-
nite. Another is topological degree method which demands the verification
of continuity properties of a certain operator and the proof of existence of
a particular a-priori bound. We can also mention the frequency domain
method, which consists in the study of position of the characteristic poly-
nomial roots in the complex plane. Like the Lyapunov’s second method, the
frequency domain technique can be used to discuss qualitative behaviours
of solutions of delay differential equations without any prior knowledge of
solution (see Halanay [11]). Moreover, it’s major advantage over the
Lyapunov’s second method is that it requires no explicit construction of
Lyapunov functions and thus circumvents the limitations experienced in
the practical construction of Lyapunov functions (see Halanay [11]). The
topological degree methods on the other hand are mainly used in proving
existence of periodic solutions.

The application of Lyapunov’s second method to systems with delay
has been developed in two directions. The first direction implies use of fi-
nite dimensional functions with an additional condition for the derivative.
This is a so called B. S. Razumikhin condition. The second method is a
Lyapunov-Krasovskii functional method, which has had more comprehen-
sive theoretical ground (see Khusainov [12]). Geometrical meaning of Lya-
punov function in this regard involves finding the system of closed surfaces
that contain the origin and are converging to it. The vector field of motion
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equations should be directed inside the areas limited by such surfaces. If a
solution gets into such area limited by the surface, then it will never leave
it again. These surfaces form level surfaces of a Lyapunov function.

According to Khusainov [12], for systems without delay, the speed vec-
tor on level surfaces is determined only by the present moment of time, i.e.,
by the point lying on the given surface. The speed in equations with de-
lay depends on the previous history as well: i.e., it depends on the point
x(t−τ), which is usually hard to find. Therefore it is logical to require neg-
ative definiteness of Lyapunov function derivative uniformly by the variable
x(t − τ). However, this leads to an excessively sufficient character of the
theorems, which in turn makes them inefficient for applications. Because of
this Razumikhin suggested that a previous history x(t− τ) should lie inside
the level surface V (x, t) = α in order to estimate the full derivative along
systems solutions.

In this paper, the generalised theorem of Kurzweil on the invariance of
manifold of flow ([9] and [17]), resulting into the frequency domain method
is employed to tackle equations with delay. This approach enables us to
overcome problems associated with the construction of Lyapunov functions.
It also enables us to prove in a different way, existing results that depend
on the topological degree method. For further exposition on the frequency
domain technique, see the papers of Halanay [11] and Rasvan [18-22].

Specifically, we consider the following fifth order nonlinear differential
equations

x(v)(t) + ax(iv)(t) + bx
′′′

(t) + cx
′′
(t) + dx

′
(t)

+ex(t) + fx(t− τ) + h(x(t)) = p(t),(1.1)

where a, b, c, d, e, f are constants, τ > 0, and h(x(t)) and p(t) are continuous
functions depending on the arguments displayed explicitly. We also deal
with the case when the nonlinear term is delayed, i.e., equations of the
form

x(v)(t) + ax(iv)(t) + bx
′′′

(t) + cx
′′
(t) + dx

′
(t)

+ex(t) + fx(t− τ) + h(x(t− τ)) = p(t),(1.2)

in which a, b, c, d, e, f are constants and h(x(t − τ)) (τ > 0), p(t) are real
valued continuous functions depending only on the arguments displayed.
Our aim in paper is to obtain frequency domain criteria that will guarantee
the existence of solutions of equations (1.1) and (1.2) which are bounded,
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globally exponentially stable, and periodic (or almost periodic) according
as p(t) is periodic (or almost periodic).

Result obtained generalise earlier results of Afuwape and Adesina [6]
to the case where delay is present, and complement the results of Tejumola
and Afuwape [24].

2. Preliminaries. The following theorems (see Halanay [9]) will
be used in the proof of our main results which shall be stated is Section 3.

Theorem 2.1. Consider

(2.1) X ′ = AX(t)−BX(t− τ) + Qϕ(σ(t)) + P (t), σ(t) = C?X(t)

where A is an n× n, B C and Q are n×m real valued matrices and P (t)
is an n-vector. Suppose that the following conditions hold for the system
(2.1);

(i) the trivial solution of the system

(2.2) X ′ = AX(t)−BX(t− τ)

is uniformly asymptotically stable;
(ii) ϕ(σ) = Col(ϕj(σj)), (j = 1, 2, ..., m) satisfies

0 ≤ ϕj(σj)− ϕj(σ̂j)
σj − σ̂j

≤ µj , (σj 6= σ̂j) ϕj(0) = 0,

for constants µj ≥ 0, (j = 1, 2, ..., m);
(iii) there exist matrices L ≥ 0, K > 0 and a constant δ > 0 such that

(2.3) LK−1 + ReLC?(A + exp{iωτ}B − iωI)−1Q ≥ δI

for all real ω, where K = diag(µ1, µ2, ..., µm);
(iv) P (t) satisfies

|P (t)| ≤ ρ0

for all t. Then the system (2.1) has a bounded solution on IR, which is glob-
ally exponentially stable. Moreover, if P (t) is periodic (or almost periodic)
so also is the bounded solution.

Now let us consider a more general system in which the nonlinear term
ϕ involves a delay, i.e., ϕ(σ(t− τ)), then instead of the inequality (2.3), we
would require that

LK−1 + Re[L exp{−iωτ}C?(A + exp{−iωτ}B − iωI)−1Q] ≥ δ > 0.
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Thus we have the following theorem:

Theorem 2.2. Consider the system

(2.4) X ′ = AX(t)−BX(t− τ) + Qϕ(σ(t− τ)) + P (t), σ(t) = C?X(t)

where as before A is an n×n, B C and Q are nxm real valued matrices and
ϕ and P (t) are continuous n-vector functions in their respective arguments.
Suppose that the following conditions hold for the system (2.4);

(i) the trivial solution of the system

(2.5) X ′ = AX(t)−BX(t− τ)

is uniformly asymptotically stable;
(ii) ϕ(σ) = Col(ϕj(σj)), (j = 1, 2, ..., m), satisfies

0 ≤ ϕj(σj)− ϕj(σ̂j)
σj − σ̂j

≤ µj , (σj 6= σ̂j) ϕj(0) = 0,

for some constants µj ≥ 0, (j = 1, 2, ..., m);
(iii) there exist matrices L ≥ 0, K > 0 and a constant δ > 0 such that

(2.6) LK−1 + Re[L exp{−iωτ}C?(A + exp{−iωτ}B − iωI)−1Q] ≥ δ > 0,

for all real ω, where K = diag(µ1, µ2, ..., µm);
(iv) P (t) satisfies

|P (t)| ≤ ρ0

for all t. Then the system (2.4) has a bounded solution on IR, which is glob-
ally exponentially stable. Moreover, if P (t) is periodic (or almost periodic)
so also is the bounded solution.

3. Main results. Our main results in this paper are the following.

Theorem 3.1. Further to the basic assumptions on h and p, suppose
that in the equation (1.1),

(i) h(0) = 0 and for some δ > 0, there exists µ > 0 such that

0 ≤ h(x(t))− h(x̄(t))
x(t)− x̄(t)

≤ µ, (x 6= x̄(t)),
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(ii)

(3.1)
a > 0, (ab− c) > 0, (ab− c)c− (ad− e)a > 0,
(ab− c)(cd− be)− (ad− e)2 > |f |;

(iii) for some constants ρ0, p satisfies

|p(t)| ≤ ρ0

for all t. Then the equation (1.1) has a solution which is bounded, globally
exponentially stable, and periodic (or almost periodic) according as p(t) is
periodic (or almost periodic) if

2
[
c2 + 2bd− 2ae + (2ad− a− e− |f |)k − (ak + 2b)fτ

] 1
2

× [
e2 + 2e|f |+ (e + |f |)(1− d)k

] 1
2

>
[
d2 − 2ce− 2c|f | − (be− b|f | − c)k + (ck − 2d)fτ

]
.

Theorem 3.2. Suppose that in the equation (1.2),
(i) a > 0, b > 0, c > 0, d > 0, e > 0, f > 0;
(ii) b2 > 4(d− 1);
(iii) p satisfies |p(t)| ≤ ρ0 for all t ∈ (−∞,∞);
(iv) there exists a constant µ > 0 such that

0 ≤ h(x1)− h(x2)
x1 − x2

≤ µ, (x1 6= x2).

Then, there exists a bounded solution for the equation (1.2) which is expo-
nentially stable. Moreover, if p(t) is periodic (or almost periodic), so also
is the bounded solution.

4. Proof of main results

Proof of Theorem 3.1. Let us set the equation (1.1) in the system
form (2.1) by letting

x
′
1(t) = x2(t),

x
′
2(t) = x3(t),

x
′
3(t) = x4(t),(4.1)

x
′
4(t) = x5(t),

x
′
5(t) = −ax5(t)− bx4(t)− cx3(t)− dx2(t)− ex1(t)

−fx1(t)− ĥ(x1) + p(t),
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with

A =




0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
−e −d −c −b −a




; B =




0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
−f 0 0 0 0




;

C =




1
0
0
0
0




; P (t) =




0
0
0
0

p(t)




; Q =




1
0
0
0
−1




.

We are now in a position to employ Theorem 2.1. The matrix

(A+exp{−iωτ}B−iωI)≡




−iω 1 0 0 0
0 −iω 1 0 0
0 0 −iω 1 0
0 0 0 −iω 1

(−e− fe−iωτ ) −d −c −b −a− iω




and the frequency domain requirement (2.3)

LK−1 + ReLC?(A + exp{iωτ}B − iωI)−1Q

is reduced to the existence of µ > 0 and δ > 0 such that

1
µ

+
J(ω)
|∆2| ≥ δ > 0,(4.2)

for all real ω, where

J(ω) = 2ω6(ab + c) + ω4(2ad− a− e− f cosωτ)− ω3af sinωτ
−ω2(be− bf cosωτ − c) + ωcf sinωτ + (e + f cosωτ)(1− d),

and |∆2| = (ω4a+ω2c− e−f cosωτ)2 +(ω5− bω3−ωd+f sinωτ)2. Let us
set 1

µ − δ = 1
k for some constant k. Thus inequalities (4.2) can be written

as

1
k

+
J(ω)
|∆2| ≥ 0,(4.3)
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for all real ω. On noting that for small τ > 0, sinωτ is approximately equal
to ωτ , and after some rearrangements, inequality (4.3) is equivalent to

Γ ≡ (ω5 + fωτ)2 + (ω4a− f cosωτ)2 + 2ω6[b2 − d + (ab + c)k]
+

{
ω4[c2 + 2bd− 2ae + (2ad− a− e− f cosωτ)k − (ak + 2b)fτ ]

+ω2[d2 − 2ce− 2cf cosωτ − (be− bf cosωτ − c)k + (ck − 2d)fτ ]
+[e2 + 2ef cosωτ + (e + f cosωτ)(1− d)k]

}

≥ 0,(4.4)

for all real ω.
Next, is to show that this inequality holds for all real ω. Let us observe

that the first three terms are positive, this is true since b2− d > 0 from the
Routh-Hurwitz condition. The constant term in the inequality (4.4) can be
re-arranged as

(e + f cosωτ)(e + k − dk + f cosωτ)− f cos2 ωτ,

and it will be positive provided e > |f |.
Thus to prove that Γ ≥ 0 for all real ω, it suffices to have the quadratic

in ω2 in the brace brackets of the inequality (4.4) positive. For ω = 0, this
is trivially true. However if ω 6= 0, then set

Γ1 =
{
ω4[c2 + 2bd− 2ae + (2ad− a− e− f cosωτ)k − (ak + 2b)fτ ]

+ω2[d2 − 2ce− 2cf cosωτ − (be− bf cosωτ − c)k + (ck − 2d)fτ ]
+[e2 + 2ef cosωτ + (e + f cosωτ)(1− d)k]

}

≥ 0.

We then require that

Γ1 ≥ Γ2

≡ ω4
[
c2 + 2bd− 2ae + (2ad− a− e− |f |)k − (ak + 2b)fτ

]

ω2
[
d2 − 2ce− 2c|f | − (be− b|f | − c)k + (ck − 2d)fτ

]
[
e2 + 2e|f |+ (e + |f |)(1− d)k

]
> 0.

This is equivalent to

ω2
[
c2 + 2bd− 2ae + (2ad− a− e− |f |)k − (ak + 2b)fτ

]

+
1
ω2

[
e2 + 2e|f |+ (e + |f |)(1− d)k

]
(4.5)

>
[
d2 − 2ce− 2c|f | − (be− b|f | − c)k + (ck − 2d)fτ

]
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for all real ω ∈ IR − {0}. The minimum value of the left hand side of the
inequality (4.5) is

2
[
c2 + 2bd− 2ae + (2ad− a− e− |f |)k − (ak + 2b)fτ

] 1
2

× [
e2 + 2e|f |+ (e + |f |)(1− d)k

] 1
2 .(4.6)

As long as

2
[
c2 + 2bd− 2ae + (2ad− a− e− |f |)k − (ak + 2b)fτ

] 1
2

× [
e2 + 2e|f |+ (e + |f |)(1− d)k

] 1
2

>
[
d2 − 2ce− 2c|f | − (be− b|f | − c)k + (ck − 2d)fτ

]
,

the frequency domain inequality (4.2) will always be satisfied.

Proof of Theorem 3.2. Put the equation (1.2) in the system form
(2.4), with A, B, C and Q as given in the system (4.1). The frequency
domain condition (2.6) is reduced to the existence of µ1 > 0 and δ1 > 0
such that

(4.7)
1
µ1

+
J1(ω)
|∆2| ≥ δ > 0,

for all real ω, where

J1(ω) = −(ω4 + bω2 + d− 1)f
+(ω4 + bω2 + d− 1)(ω4a + ω2c− eω) cos ωτ

−(ω4 + bω2 + d− 1)ωf cosωτ sinωτ − (ω4 + bω2 + d− 1)
−(ω5 + bω3 − dω) sin ωτ − (ω4a + ω2c− eω) sin ωτ

−(ω5 − bω3 − dω)(ω5 + bω3 + dω) cos ωτ.

Let
ω1

2 =
1
2
[−b− (b2 − 4(d− 1))

1
2 ]

and
ω2

2 =
1
2
[−b + (b2 − 4(d− 1))

1
2 ]

be the roots of ω4 + bω2 + d − 1 = 0. Then the only critical situation to
study for all real ω is when ω2 = ω1

2. In such a case the inequality (4.7)
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becomes

1
µ
− (ω1

5aτ + ω1
3cτ − ω1

2eτ)− (ω1
5 − bω1

3 − ω1d)(ω1
5 + bω1

3 + ω1d)
(ω1

4a + ω1
2c− e− f cosω1τ)2 + (ω1

5 − bω1
3 − ω1d)2

+f sinω1τ

and is positive. The conclusion to the proof of the Theorem 3.2 thus follows
from the conclusion to the proof the Theorem 3.1. ¤
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