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Abstract

Consider the nonlinear almost periodic differential equation: ẋ = A(t)x(t) +

f(t, x(t)) and its homogeneous differential equation ẋ = A(t)x(t) where A(t) is n × n

almost periodic matrix, f(t, x(t)) ∈ C(IR × IRn, IRn) is an almost periodic function in

t uniformly with respect to x on any compact sets of IRn. By applying Schauder fixed

point theorem and the method of exponential dichotomy, we generalize and improve

some known results in the literature on the existence of almost periodic solution to

nonlinear ordinary differential equation.
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1 INTRODUCTION

The problem of existence of almost periodic solutions to nonlinear differential equations

has been widely studied; see for example Ait Dads and Arino [2], Andres and Krajc [3],

Coppel [4], Weiyao [10], Xu and Zheng [11], and for an extensive bibliography, see for instance

[5, 8]. Other relevant surveys of the literature can be found in the papers of Katō and Imai

[6, 7], where dissipative type conditions which guarantee the existence and uniqueness of

bounded, periodic and almost periodic solutions to nonlinear differential equations were

obtained. Of particular interest, of late, are exponential dichotomy approach to nonlinear

differential equations of the form

ẋ = A(t)x(t) + f(t, x(t)) (1.1)

and its homogeneous linear differential equation

ẋ = A(t)x(t), (1.2)

where A(t) is n×n almost periodic matrix, f(t, x(t)) ∈ C(IR×IRn, IRn) is an almost periodic

function in t uniformly with respect to x on any compact sets of IRn. Interesting results in

this direction can be found in [4, 10-11]. We can also mention the work of Ait Dads and

Arino [1] in this regard.

In an interesting paper, Coppel [4] obtained sufficient conditions for the existence of

almost periodic solutions to the equation (1.1), with f(t, x) satisfying a Lipschitz condition

of the form

|f(t, x)− f(t, y)| ≤ L|x− y|, (1.3)

uniformly in t, where L is enough small. The Lipschitz condition in the inequality (1.3) was

weakened by Weiyao [10] under the assumption that

lim
|x|→∞

|f(t, x)|
x

= 0, (1.4)

uniformly with respect to t ∈ IR. In their own contribution, Xu and Zheng [11] showed that

by applying Horn fixed point theorem, the condition (1.4) can be replaced by

|f(t, x)| ≤ γ0|x|+ c0, (1.5)
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where γ0 and c0 are positive constants, with γ0 enough small.

In this paper, we give sufficient conditions for the existence of an almost periodic solution

to the equation (1.1). Our result generalizes and improves the existing results in the literature

[4, 10-11].

This paper is arranged as follows: in the next section, we give some definitions and

preliminary results that would be used in the subsequent section. In Section Three, we give

the main result and its proof.

2 PRELIMINARIES

Definition 2.1.

The equation (1.2) satisfies an exponential dichotomy if there exists a projection P and

positive constants K,α such that

|X(t)PX−1(s)| ≤ Ke−α(t−s), t ≥ s,

|X(t)(I − P )X−1(s)| ≤ Ke−α(s−t), s ≥ t,

for a fundamental solution X(t).

Definition 2.2.

The function f(t, x(t)) is said to be almost periodic in t uniformly in x, x ∈ Λ, if

f(t, x(t)) is continuous in t, x for t ∈ I, x ∈ Λ and if for any ζ > 0, it is possible to find

an l(ζ) > 0 such that in an interval of length l(ζ) there is a τ such that the inequality

|f(t + τ, x)− f(t, x(t))| ≤ ζ is satisfied for all t ∈ I, x ∈ Λ.

Lemma 2.3. [5]

Consider the non homogeneous linear system

ẋ = A(t)x(t) + g(t) (2.1)

where A(t) and g(t) are almost periodic. Suppose the homogeneous equation (1.2) satisfies an

exponential dichotomy, then there is a unique almost periodic solution x(t) of the equation

(2.1) given by

x(t) =
∫ t

−∞
X(t)PX−1(s)g(s)ds−

∫ +∞

t
X(t)(I − P )X−1(s)g(s)ds, (2.2)
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and mod (x) ⊂ mod (A, g).

We denote, respectively, by mod(x) and mod(A, g) the module of frequencies of x and (A, g).

Lemma 2.4. [9](Schauder fixed point theorem).

If B is a closed bounded convex subset of a Banach space X and T : B → B is completely

continuous, then T has a fixed point in B.

3 MAIN RESULT

The following result is established.

Theorem 3.1.

Let the system (1.2) satisfies an exponential dichotomy, with A(t) almost periodic. Sup-

pose f(t, x) is almost periodic in t uniformly for x in W , where W ⊂ IRn is a compact subset.

Suppose further that

|f(t, x)− f(t, y)| ≤ γ(t)h(|x− y|),

where f(t, y) is almost periodic in t uniformly for y in W , h(|x− y|) is continuous on [0,∞)

and h(0) = 0; then the equation (1.1) has an almost periodic solution φ(t). Furthermore

mod φ ⊂ mod (A, f).

Remark 3.2. If γ(t) = L > 0, and h(|x− y|) = (|x− y|), then we obtain a result of Coppel

[4].

Proof of Theorem 3.1. Let ‖f‖ = max |f(t, x)| and consider the Banach space B = {g|g ∈

AP (IRn), mod (x) ⊂ mod (A, g)}. Then if φ(t) ∈ B, we have f(t, φ(t)) ∈ B. In view of the

Lemma 2.3, the equation

x
′
= A(t)x(t) + f(t, φ(t)) (3.1)

has a unique almost periodic solution

x(t) =
∫ t

−∞
X(t)PX−1(s)f(s, φ(s))ds−

∫ +∞

t
X(t)(I − P )X−1(s)f(s, φ(s))ds := Tφ(t)

and mod (Tφ) ⊂ mod (A, f).
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Now let u, v ∈ B, we also would have f(t, u(t)), f(t, v(t)) ∈ B. Hence,

‖Tu(t)− Tv(t)‖ = ‖
∫ t
−∞X(t)PX−1(s)f(s, u(s))ds−

∫ +∞
t X(t)(I − P )X−1(s)f(s, u(s))ds

−
∫ t
−∞X(t)PX−1(s)f(s, v(s))ds +

∫ +∞
t X(t)(I − P )X−1(s)f(s, v(s))ds‖

≤
[∫ t
−∞Ke−α(t−s)ds−

∫ +∞
t Keα(t−s)ds

]
‖f(t, u(t))− f(t, v(t))‖

≤ 2K
α
‖f(t, u(t))− f(t, v(t))‖

≤ 2K
α

γ(t)h(|x− y|).

We shall now show that T : B → B is continuous. Indeed, let {φn} be a sequence such

that φn → φ ∈ B. Then by the dominated convergence theorem,

‖Tφn(t)− Tφ(t)‖ = ‖
∫ t
−∞X(t)PX−1(s)f(s, φn(s))ds−

∫ +∞
t X(t)(I − P )X−1(s)f(s, φn(s))ds

−
∫ t
−∞X(t)PX−1(s)f(s, φ(s))ds +

∫ +∞
t X(t)(I − P )X−1(s)f(s, φ(s))ds‖

≤ 2K
α
‖f(t, φn(t))− f(t, φ(t))‖ → 0.

Thus mod (f(., φn(.))) ⊂ mod (f) and mod (f(., φ(.))) ⊂ mod (f). Hence, T is continuous.

Next is to show that T maps bounded sets into equicontinuous sets of B. Let τ1, τ2 ∈ W

and τ1 < τ2. Then

‖Tφ(τ2)− Tφ(τ1)‖ = ‖
∫ τ2
−∞X(τ2)PX−1(s)f(s, φ(s))ds−

∫ +∞
τ2

X(τ2)(I − P )X−1(s)f(s, φ(s))ds

−
∫ τ1
−∞X(τ1)PX−1(s)f(s, φ(s))ds +

∫ +∞
τ1

X(τ1)(I − P )X−1(s)f(s, φ(s))ds‖

≤ 2K
α
‖f(τ2, φ(τ2))− f(τ1, φ(τ1))‖.

As τ1 → τ2, ‖f(τ2, φ(τ2))− f(τ1, φ(τ1))‖ → 0. Thus B is equicontinuous and consequently,

B is compact by Arzela-Ascoli theorem. By the Schauder fixed point theorem, there exists

φ0 ∈ B such that Tφ0(t) = φ0(t), i.e.,

φ̇0(t) = A(t)φ0(t) + f(t, φ0(t)). (3.2)

Hence, T has a fixed point in B and this implies that the equation (1.1) has an almost

periodic solution φ0 say, and mod (φ0) ⊂ mod (A, f).

Remark 3.3. The Theorem 3.1 still holds if x, y which satisfy the condition

|f(t, x)− f(t, y)| ≤ γ(t)h(|x− y|) is restricted by (|x− y|) ≥ M ; the reason being that

f(t, x), f(t, y) are almost periodic in t uniformly for x, y in compact subsets of IRn.
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